We define the mass and current multipole moments for an arbitrary theory of gravity in terms of canonical Noether charges associated with specific residual transformations in canonical harmonic gauge, which we call multipole symmetries. We show that our definition exactly matches Thorne's mass and current multipole moments in Einstein gravity, which are defined in terms of metric components. For radiative configurations, the total multipole charges -including the contributions from the source and the radiationare given by surface charges at spatial infinity, while the source multipole moments are naturally identified by surface integrals in the near-zone or, alternatively, from a regularization of the Noether charges at null infinity. The conservation of total multipole charges is used to derive the variation of source multipole moments in the near-zone in terms of the flux of multipole charges at null infinity.
Introduction
The gravitational field surrounding a stationary body in General Relativity is entirely determined by its mass and current multipole moments, up to a diffeomorphism [1] [2] [3] [4] . In the wave-zone region of a non-stationary system, assuming no incoming radiation, a general asymptotically flat Einstein metric is also entirely determined by its mass and current source multipole moments, up to a diffeomorphism [5] . The mass multipole moments are already defined in Newtonian theory (see, e.g., [6] ), while the current multipole moments are only defined in General Relativity [7] [8] [9] [10] .
Multipole moments are not defined intrinsically in terms of the geometry, but require a background structure involving Minkowski spacetime and either a choice of gauge or a choice of conformal completion. For outgoing-wave linearized configurations and for stationary non-linear configurations in General Relativity, Thorne [9] provided a unique and well-defined definition of source multipole moments for asymptotically flat spacetimes. His definition is stated in the so-called Asymptotically Cartesian Mass Centered (ACMC ∞ ) gauge, also known as canonical harmonic gauge [11] , obtained from the usual de Donder gauge after further gauge fixing. Thorne's source moments agree with the Geroch-Hansen's definition for stationary spacetimes [7, 8] , up to a choice of normalization, after calibrating appropriately the ambiguity in the definition of the conformal factor in the Geroch-Hansen definition [12] . Independently, radiative multipole moments are defined in Bondi gauge at null infinity from the spherical harmonic decomposition of the Bondi news tensor [13, 14] . The expression of radiative multipole moments in terms of source multipole moments can be established perturbatively to all orders in the gravitational coupling under certain hypotheses including no incoming radiation [15] . Such expressions involve time integrals, known as tails, and further non-linear terms including the non-linear memory; see e.g., the review [16] .
For a Kerr black hole, the mass multipole moments I lm and the current multipole moments S lm are completely determined by its mass M and angular momentum J = M a. Since the Kerr black hole is axisymmetric, I lm = I l δ m,0 and S lm = S l δ m,0 . Since it is reflection-symmetric (i.e., symmetric under reflection with respect to the equatorial plane), odd mass multipole moments and even current multipole moments vanish, I 2l+1 = S 2l = 0. The non-vanishing multipoles are given by the Geroch-Hansen formulae [7, 8] 
where I 0 = M is the mass, S 1 = J is the angular momentum and I 2 = −J 2 /M is the mass quadrupole moment. Since the Kerr black hole is generally accepted to be the final stationary state in General Relativity, measuring more than two multipole moments in the metric surrounding a stationary black hole is a direct test of General Relativity, or more precisely, of its no-hair theorems [17, 18] . Multipole moments can be tracked from the gravitational wave spectrum emission of probes that model extreme mass ratio inspirals [19] . The gravitational wave detector LISA might be able to measure the mass quadrupole moment of merging black holes with good accuracy [20, 21] . This would allow to constrain alternative gravitational theories that predict a different mass quadrupole moment (see [22] for a status report and [17, [23] [24] [25] for specific models). Any stationary and axisymmetric metric in General Relativity can be reconstructed from given multipole moments under certain assumptions [26, 27] . However, the multipole expansion is poorly convergent in strong-field regions, such as in the vicinity of black holes [17, 19] . For neutron stars or other types of stars, the two sets of multipole moments are determined by the matter distribution. The multipole moments of a stationary neutron star also characterize the equation of state of the matter it consists of; see, e.g., [28] [29] [30] . Gravitational wave emission from binary neutron star mergers, such as the one recently observed [31] , or black hole-neutron star mergers, therefore, contain signatures of the equation of state of neutron stars. The effect of the mass quadrupole moment is small but comparable in magnitude to spin-spin interactions [32] .
Multipole moments are generated by sources. In linearized General Relativity, multipole moments can be expressed as volume integrals depending on the source stress-tensor [33] [34] [35] . For slow moving sources (v c), the post-Newtonian (PN) expansion of General Relativity is applicable and multipole moments can be expressed as volume integrals over the sources [9, 11, 36, 37] . These volume integrals can be expressed as surface integrals in the outer near-zone, i.e., far from the source but at radii negligible with respect to the radiation wavelength [38] .
In this paper, we provide a definition of mass and current multipole moments for an arbitrary generally covariant theory of gravity. It agrees, in the case of Einstein gravity, with Thorne's definition of source multipole moments both for outgoing-wave linearized configurations and for stationary non-linear configurations. While we allow for matter, we do not consider the additional multipole moments that arise from the presence of matter. We instead only consider the mass and current multipole moments, including their matter contribution. Our definition extends to null infinity where it extracts the source multipole moments as a function of retarded time. Radiative multipole moments, which are not derived in this paper, are functionals of these source multipole moments involving nonlinearities, tails and memory.
Our programme is achieved by defining multipole moments from the canonical Noether charges associated with specific residual symmetries of canonical harmonic gauge. First, we will characterize the infinitesimal form of three sets of large coordinate transformations that preserve the canonical harmonic gauge and that generalize the Poincaré algebra of Killing symmetries. The vector fields generating these transformations will be denoted multipole symmetries. Given an arbitrary generally covariant Lagrangian, one can define surface charges associated with an arbitrary vector field using either covariant phase space methods [39] or cohomological methods [40, 41] . The explicit expressions are summarized in Appendix D for General Relativity and in [39, 42, 43] for a large class of higher curvature gravity theories coupled to bosonic matter. We will provide expressions for the gravitational multipole moments in terms of the canonical multipole charges, and find precise agreement with Thorne's definitions, up to a choice of normalization. This will allow us to calibrate our definition, which then straightforwardly extends to a general theory.
The multipole symmetries are generically outer symmetries: they are not tangent to the phase space defined by the boundary conditions (i.e., the Lie derivative of the metric with respect to these symmetries do not fall off sufficiently fast), except for the lowest harmonic modes which form the Poincaré algebra. Yet, these symmetries are associated with well-defined conserved Noether charges at spatial infinity, as we will show. In the radiative case, the conservation equation will be used to relate the variation of source multipole moments, evaluated in the near-zone region, to the flux of multipole charges at null infinity, by means of the generalized Noether theorem for gauge theories [40, 44, 45] . The flux of multipole charges is not the observable radiative multipole moments encoded in the Bondi news tensor. Instead, it is the time variation of the source multipole moments which is encoded in subleading components of the metric in Bondi gauge.
Our construction extends to gravity theories the analysis of electromagnetic multipole charges in Maxwell theory [46] .
The rest of the paper is organized as follows. In Section 2, we define the canonical harmonic gauge independently of field equations and, after an overview of several concepts of symmetries, we find the multipole symmetries. In Section 3, we compute the canonical charges associated to multipole symmetries for non-linear stationary configurations in Einstein gravity and relate them to the multipole moments of the source. In Section 4, we discuss radiating geometries at the linearized level. We express the multipole moments as Noether charges and derive their conservation equation. We conclude with several avenues for further research in Section 5. The appendices gather our conventions and computational details.
Harmonic gauge and residual transformations

Prelude on symmetries in gravity and gauge theories
It is by now a well know fact that gauge transformations exhibit novel features on manifolds with (asymptotic or finite) boundaries. This effect is sometimes interpreted as the spontaneous breaking of gauge invariance by the boundary conditions. More precisely, while the local gauge transformations are degeneracies of the presymplectic form of the theory and are hence quotiented out in the physical phase space [47] , those with support at the boundary are not degeneracies and form vector fields acting on the phase space. These "asymptotic symmetries" are required to generate Hamiltonian vector fields on the phase space whose generators are finite and conserved quantities. In other words, the boundary conditions require that all canonical charges associated with asymptotic symmetries be finite, conserved and integrable in the sense of [41, 48, 49] . When these conditions are met, one obtains, after quotienting by local gauge symmetries, the group of asymptotic symmetries, i.e.
Asymptotic symmetry group = Boundary conditions preserving gauge transformations Local gauge transformations .
For asymptotically flat spacetimes, the asymptotic symmetry group at spatial infinity is the BMS group, consisting of supertranslations and Lorentz transformations, which contains the Poincaré group as a subgroup [13, 14, 48, [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] :
• Asymptotic symmetries BMS symmetries ⊃ Poincaré symmetries. Now, one may find Hamiltonian vector fields that are not tangent to the phase space, but still associated with finite, conserved and integrable canonical charges on the phase space. We call phase space symmetries the coordinate transformations that are associated with finite, conserved and integrable canonical charges on the phase space. The phase space symmetries contain the asymptotic symmetries and other symmetries that violate the boundary conditions, which we call outer symmetries:
Phase space symmetries = Asymptotic symmetries ∪ Outer symmetries.
In geometrical terms, the boundary conditions impose a set of constraints which determine the phase space as a submanifold in the space of field configurations (further quotiented by local gauge transformations). The asymptotic symmetries then generate vector fields tangent to this constraint submanifold and their corresponding canonical charges are functions on the phase space. However, there is still the possibility of Hamiltonian vector fields that are not tangent to the phase space, but such that their canonical charges are functions on the phase space. This is another way to say that outer symmetries violate the boundary conditions, but are associated with finite and integrable charges. We will not attempt at a rigorous analysis of the mathematical framework for describing outer symmetries. Instead, we will discuss how this concept is useful in gravity: we will show that the two sets of multipole moments of Einstein gravity are precisely associated with particular phase space symmetries. We call these multipole symmetries which form a natural extension of the Poincaré generators, distinct from the BMS symmetries:
• Phase space symmetries ⊃ Multipole symmetries ⊃ Poincaré symmetries.
Since the multipolar structure of a metric configuration defines a hierachical subleading structure at spatial infinity, the multipole symmetries form in compensation a fine-tuned overleading hierachy, such that the resulting canonical charges are finite. The lowest multipolar modes are the Poincaré symmetries, while the higher modes are outer symmetries that violate the boundary conditions.
Several other examples of outer symmetries have recently appeared in electromagnetism [46, 60] and in gravity [61] [62] [63] (see also an alternative perspective in [64, 65] ).
Residual transformations
We consider an arbitrary theory of gravity in 3 + 1 dimensions with dynamical metric g µν . We denote the inverse metric as g µν and the Minkowski metric as η µν , whose inverse is η µν . We define the field g µν ≡ η µν − √ −gg µν and impose the de Donder or harmonic gauge
The exact equations of General Relativity are written in this gauge as (see, e.g., [16] )
where Λ µν is the effective stress tensor of the gravitational field and is quadratic or higher order in powers of g µν and η = η µν ∂ µ ∂ ν = −∂ 2 t +∇ 2 is the D'Alembertian operator with respect to the background flat metric. Due to the de Donder gauge, the stress-energy pseudo-tensor τ µν is conserved ∂ µ τ µν = 0.
As we have fixed the harmonic gauge (2.1), the gauge transformations of the theory reduce to the residual transformations of harmonic gauge. It can be shown that an infinitesimal diffeomorphism x µ → x µ + ξ µ respecting harmonic gauge (2.1) solves the equation
We further restrict the phase space and, accordingly, the harmonic vector fields (2.3) to those preserving the following asymptotic behavior of the lapse and shift at spatial infinity
However, since we are considering outer symmetries, we do not enforce the vector fields to preserve the boundary conditions g ij = O(1/r) on the spatial components. At this step of our procedure, we break Lorentz covariance by explicitly choosing an asymptotic time foliation and therefore a notion of asymptotic observer at rest. Our reasoning herebelow will not depend upon the boundary conditions at future or past null infinity (see later on Eq. (4.5)).
Setting µ = i in (2.4), we find
The de Donder gauge condition (2.1) now amounts to
where ∇ 2 = η ij ∂ i ∂ j is the spatial Laplacian operator. The harmonic function admits two branches of solutions: either of the form r −(l+1) Y lm (θ, φ) or r l Y lm (θ, φ) in terms of spherical harmonics. The first set are gauge transformations that we discard. We, instead, consider the sum of regular solid scalar harmonics r l Y lm (θ, φ) 8) where lm are arbitrary coefficients. The function can also be expanded in Cartesian
This expression defines the monopole term (l = 0), dipole term (l = 1), quadrupole term (l = 2) and so on. Our notation and conventions are relegated to Appendix A and properties of spherical harmonics are summarized in Appendix B.
The intuitive idea for defining multipole symmetries is that a vector of components of order r l will be able to probe terms of order r −l in the metric, and therefore, allow to define the l-multipole. The harmonic equation ensures that there is a correlation between the radial behavior r l of the components of the vector field and the spherical harmonic Y lm . Thanks to the orthogonality of spherical harmonics, it will allow to single out the corresponding multipole; see also the discussion around Eq. (2.18).
In the vector case, a general harmonic is a linear combination of three pure gauge transformations, which we discard, and three large gauge transformations of the form (see appendix C.2 for details)
where ∇ = η ij ∂ i ∂ j and × denotes the cross product defined in three-dimensional flat space. The functions 1 , 2 are combinations of regular solid scalar harmonics and V defined in (C.14), is a combination of irreducible vector harmonics which cannot be expressed in terms of one harmonic scalar. However, we discard this vector since the associated charge does not contain any nontrivial information in Einstein theory, as discussed below equation (D.6). However, it might be relevant for a general theory of gravity, as discussed in section 5. In summary, we define the multipole symmetries as the three sets of residual transformations:
These symmetries can be expanded in terms of scalar and vector spherical harmonics (introduced in B.2) as
Upon expanding in Cartesian harmonics (2.9) or, equivalently, in real spherical harmonics Y m l defined in (B.7), we find the Poincaré algebra as the l = 0, 1 subset of harmonics of the three vectors K , L , P . To show this, let us expand the harmonic function in terms of the real spherical harmonics and define
Then, it can be checked that
Rotations The SO(3) rotations are generated by the
where the last equality in each line refers to the Cartesian expansion (2.9) (i.e., L x = L =x ), which also coincides with the standard notation for generators of rotation. We fixed the sign convention in (2.11b) so that L z = +∂ φ with rθφ = +1, which is the opposite convention than [39] .
Boosts The (l = 1, m) modes of K give the Poincaré boosts
Translations The l = 0 mode of K gives the translation in time 15) while the (l = 1, m) modes of P give spatial translations
All vectors that are distinct from the standard Poincaré vectors are outer symmetries. Note that, contrary to the l = 0, 1 vectors, they do not generate a closed algebra under the Lie bracket. We leave as an open problem to determine whether an algebra of multipole symmetries exists using a modified bracket, along the lines of [66] . The various vectors and their physical interpretation are summarized in Table 1 .
The terminology of mass and current multipole symmetries is standard and will be clear once we compute the conserved charges associated with these transformations in the next sections. We will name the multipoles associated with P lm as the momentum multipoles. We will interpret these multipoles in Sections 3 and 4. 
Canonical harmonic gauge
As shown by many authors, the definition of multipole moments is ambiguous in harmonic gauge. Here, we will further fix the gauge in order to uniquely fix the multipole moments. Since our aim is to derive a definition of multipole moments for any theory of gravity, we cannot rely on properties of Einstein solutions in order to determine the gauge fixing conditions. Instead, we will only rely on the harmonic decomposition of tensor representations of SO (3).
For that purpose, we decompose the field g µν in SO(3) scalar, vector and tensor, respectively, g 00 , g 0i , g ij . We only consider nonlinear metrics which can be obtained from a perturbative construction starting from a linearized metric g µν = η µν + h µν . At the linearized level, the field g µν = γ µν + O(h 2 ) is the trace-reversed metric perturbation,
A gauge transformation acts as h µν → h µν + ∂ µ ξ ν + ∂ ν ξ µ and therefore as
where all indices are lowered with the flat metric.
As explained by Thorne [9] , the symmetric trace-free (STF) harmonic tensor decomposition is the most adapted to describe the multipolar structure of the gravitational field. Indeed, remember that the very definition of multipoles originates from a STF decomposition or, equivalently, a spherical harmonic decomposition of a harmonic scalar, see Eq. (2.9). Conceptually, we aim to deduce the definition of some lm-multipole M lm from a projection of the metric using a vector ξ[ ] depending on a scalar harmonic = lm . Schematically,
We will define this so far abstract projection · later on in Eq. (3.6) and in Eqs. (4.3)-(4.11) as particular integrals over the sphere. Here, we simply note that the multipole moments will be extracted from the metric thanks to the property of orthogonality of spherical harmonics or, equivalently, of the STF tensors. Therefore, it is computationally simpler to consider the STF decomposition of the metric (instead of other decompositions such as the SVT (scalar-vector-tensor) decomposition used in cosmological perturbation theory). In Thorne's analysis, however, the linearized Einstein's equations were used. Here, we simply generalize his considerations to a general STF decomposition without resorting to field equations. The general linearized metric can be decomposed in STF tensors as (see Appendix A for notations)
where all coefficients are functions of r and u = t − r. The de Donder gauge fixes the constraints
where dots denote time derivatives. For retarded harmonic fields, which therefore obey linearized Einstein's equations, all functions
We assume that all such functions are O(1/r) in general as a result of asymptotically flat boundary conditions. A generic retarded harmonic vector field, which preserves the asymptotically flat boundary conditions, can be used to further gauge fix the de Donder gauge to the canonical harmonic gauge; see Eq. (8.9b) of [9] and Eq. (D.8) for its explicit expression in spherical harmonics. One can use this vector field to remove the 1/r components of
In Einstein gravity, these functions are then exactly zero but they may be non-zero in alternative theories of gravity. We further apply a Lorentz boost and a spatial translation to put the system in the center of mass frame, leading to A i = O(r −2 ). This defines the canonical harmonic gauge in the linearized theory.
In the non-linear theory, one computes at each perturbative order the next metric perturbation up to a linearized diffeomorphism. We fix the linearized diffeomorphism ambiguity in this expansion (of the form ∂ µ ξ ν + ∂ ν ξ µ − η µν ∂ α ξ α ) by canceling again the same coefficients in the radial harmonic decomposition of g µν . Non-linearities will introduce additional radial subleading terms for each STF tensor harmonic which will not be gauged fixed. Only the leading 1/r terms in the radial expansion of each STF tensor harmonic will be gauge fixed. This defines the canonical harmonic gauge for the non-linear theory.
The resulting asymptotic expansion of the non-linear field in STF tensor harmonics has been presented explicitly for Einstein gravity [9, 67] .
Multipole charges for stationary solutions
Stationary asymptotically flat spacetimes admit a globally defined Killing vector ξ µ which is normalized to −1 at spatial infinity. Its norm, which is usually denoted as λ = −ξ µ ξ µ , encodes, in canonical harmonic gauge, the mass multipole moments of the gravitational field [7, 12] 1 . In vacuum Einstein gravity, the form
is closed and therefore locally exact, ω µ = ∂ µ ω. This allows to define the twist ω that encodes, in canonical harmonic gauge, all current multipole moments [12] . In other words, the twist is defined as the dual scalar field associated with the Kaluza-Klein vector along the Killing coordinate t (defined by ξ µ ∂ µ t = 0). Moreover, the 4d vacuum stationary Einstein's equations can be rewritten in terms of 3d Einstein's theory coupled to a SL(2, R)/U (1) coset model parameterized by the norm and twist of ξ µ [68] . In particular, the SO(2) hidden symmetries transform into themselves the two scalars λ, ω which generate the two sets of multipole moments. If one does not assume vacuum Einstein's equations, acting with a derivative on (3.1) one has more generally
In the case of a stationary minimally coupled scalar (ξ µ ∂ µ φ = 0), the following condition on the matter stress-tensor T µν holds
and the twist can be defined without change. The same applies in scalar-tensor theories without matter such as Brans-Dicke theory in the formulation where the metric obeys Einstein's equation coupled to a scalar field with non-trivial kinetic term. In all these theories, only two sets of multipole moments are defined in terms of λ and ω. A generalization to electrovacuum spacetimes also exists [69] [70] [71] . Stationary EinsteinMaxwell fields are constructed from a three dimensional metric and four scalar fields which form a SU (2, 1)/(SU (2) × U (1)) coset [72] . The right-hand side of Eq. (3.2) can then be written as −∂ [µ ω A ν] and the twist scalar is defined through ω µ + ω A µ = ∂ µ ω. Again, there are two sets of gravitational multipole moments (together with the electric and magnetic multipole moments). Now, for stationary configurations in more general theories, the right-hand side of (3.2) may be non-vanishing and may not be written as an exact differential. Correspondingly, the Kaluza-Klein reduction of the theory may depend upon a 3-dimensional vector field which cannot be dualized to a scalar. In such theories, there are three types of vector harmonics of SO(3) in the decomposition of ω µ which together will encode the multipole structure. More precisely, the four sets of harmonics encoded in λ and ω µ are related since one has the equation (see, e.g., [73, 74] )
We expect therefore three independent sets of multipoles encoded in λ, ω α .
In the following, we will present our definition of mass and current multipole moments in terms of Noether charges, which are defined with respect to the vectors fields (2.11) and the Lagrangian. We will explicit our definition only for vacuum Einstein solutions which will allow us verify the complete equivalence to Thorne's definition. This allows us to calibrate our definition. Now, given an arbitrary generally covariant Lagrangian, we propose to define the multipole moments as the Noether charges associated with the very same vector fields (2.11) . This provides a precise canonical definition of gravitational multipole moments for any generally covariant theory.
Phase space in canonical harmonic gauge
Let g µν = η µν + O(1/r) be an asymptotically flat stationary metric in de Donder coordinates. For Einstein metrics, the metric coefficients g µν are analytic functions of the de Donder coordinates [75] . We restrict our analysis to Einstein metrics from now on. In canonical harmonic coordinates described in Section 2.3, the resulting metric reads as (see Section X and Eqs. (10.6) in [9] )
Here (0)pole is a constant monopole, (1)pole a combination of l = 1 spherical harmonics, etc. The tensors N A l are defined in appendix A. The coefficients I A l and S A l are defined as the mass multipole moments and the current multipole moments, respectively [9] . In such canonical harmonic coordinates there is no mass dipole moment I i . The mass and angular momentum are respectively I and S i . The STF version of the multipole moments I A l , S A l can be translated in harmonic coefficients I lm and S lm (see, e.g., (C.3)).
Multipole charges
The canonical charge of a solution g µν associated with the vector field ξ µ is defined as a surface integral over a sphere and as an integral in phase space from the reference solution (here Minkowski η µν ) to the solution g µν [39] [40] [41] 48 ]
The 2-form k ξ is linear in its first argument and nonlinear in its second argument. It can be constructed from the Lagrangian, up to an ambiguous term proportional to L ξ g µν = ∇ µ ξ ν + ∇ ν ξ µ . There are two covariant prescriptions that exist in the literature to fix this ambiguity. We find convenient to label the surface charge by the parameter α multiplying the covariant ambiguous term. For α = 0, one has the Iyer-Wald charge [39] . For α = 1, one has the Abbott-Deser [76] or, equivalently, the Barnich-Brandt charge [40] . The explicit expression for the surface charge in Einstein gravity is given in Appendix D.
Let us now evaluate the surface charge at spatial infinity for each of the three families of vector fields defined in (2.11). We first compute the spherical harmonic decomposition of each vector field. Let us discuss the (l)pole symmetries. We note that all subleading (l + k)pole moments in (3.5a) (k ≥ 1) do not contribute to the charges. This non-trivial property originates from the orthogonality of spherical harmonics, and the fact that the subleading (l + k)pole moments are suppressed by negative powers of r with respect to the leading (l)pole moment of order r −(l+1) . It can be checked by explicitly evaluating the charge. Since all non-linearities belong to such terms, only linear terms matter. The surface charge at spatial infinity can be equivalently defined using the linearized theory as
where h µν is the linear perturbation around η µν in the post-Minkowskian expansion of g µν . The proof that all subleading monopole terms do not contribute to the definition of multipoles was essentially performed in Thorne [9] . It also shows that any change of coordinates which preserves the canonical harmonic gauge does not change the definition of multipoles.
With the help of a symbolic manipulation software, we obtain the following results:
Mass multipole charges The mass multipole charges are associated to the multipole symmetries K . They read as
Note that the result is independent of the α prescription.
Current multipole charges The current multipoles charges are associated to the multipole symmetries L . They read as
The normalization constant depends upon the definition of the canonical charges through the α prescription.
Momentum multipole charges The momentum multipole charges are identically zero for stationary configurations,
There is no role to the momentum multipole charges in stationary Einstein gravity, but we expect that they might play a role in stationary configurations in other theories of gravity. Equations (3.8)-(3.9)-(3.10) are the main result of this section. Thorne's definition and the Noether charge definition agree up to a unique and well-defined normalization constant.
Let us make some additional comments. In the linear case, it turns out that the surface charge can be evaluated at any radius and yet gives the identical answers (3.8)-(3.9)-(3.10). This is due again to the orthogonality of spherical harmonics and the fact that, in the linear theory, each harmonic mode is associated with a particular radial falloff. The multipole symmetries generating such charges are therefore symplectic symmetries in the linear theory in the terminology of [77, 78] .
A natural question is whether the charges associated with the multipole symmetries are affected by a change of gauge. In this paper, we did not investigate a generic change of gauge. Instead, we investigated the change of gauge from canonical harmonic gauge to generic mass-centered de Donder gauge in the linearized theory. The details are relegated to Appendix D.2. The result is that for linear stationary configurations, the current and momentum multipole charges Q lm L , Q lm P are unaffected by a change of gauge which preserves stationarity within de Donder gauge, while the mass multipole charges Q lm K are affected, but only by gauge transformations of the form x → x + ∇ with ∇ 2 = 0, = O(r −1 ).
The conclusion is that the current multipole moments can be computed in any masscentered de Donder gauge coordinate system. This is very useful in practice since work is only needed to reach de Donder gauge, but it is not necessary to further restrict to canonical harmonic gauge. However, the mass multipole moments need to be defined in the canonical harmonic gauge, or at least in mass-centered de Donder gauge where the gauge transformations x → x + ∇ have been fixed according to the canonical prescription. This illustrates the gauge dependence in the definition of mass multipole moments.
Multipole charges for linearized radiating solutions
In this section, we turn our attention to dynamical radiating solutions in the linearized regime. We introduce the multipole charges at spatial infinity as conserved surface charges, while the source multipole moments are expressed in terms of surface charges in the near zone region. We will discuss the relation between these two and the implications of conservation laws for the time variation of the source multipole moments. We expect that the results for the linear theory can be extended to the non-linear theory essentially in the same way as discussed in the last section, but this problem is beyond the scope of this paper.
Linearized metric in canonical harmonic gauge
Let g µν = η µν + h µν be the linearized metric describing the external gravitational field of an arbitrary isolated system with no incoming wave boundary conditions, and further excluding NUT or acceleration parameters which are considered unphysical. In the canonical harmonic gauge (also called ACM C ∞ coordinates in [9] ), h µν takes the following form
1a)
The linearized metric is expressed in terms of symmetric trace-free (STF) tensors I A l (u), S A l (u) that are respectively the mass and current gravitational multipole moments. This is Thorne's definition in terms of metric components. The mass monopole I is constant and is interpreted as the mass of the source. The current dipole S i is also constant and is interpreted as the angular momentum of the source. Because we are in the center of mass frame, no mass dipole moment I i is present.
The linearized perturbation h µν in Eqs. (4.1) can alternatively be expanded in terms of scalar, vector and tensor harmonics as follows
, with I 1m ≡ 0, (4.2a)
The main elements of proof of the equivalence of STF tensor decomposition (4.1) and the -15 -spherical harmonic decomposition (4.2) are presented in Appendix C.1.
Multipole charges
The covariant phase space charges are defined in the linear theory as [39] [40] [41] 48 ]
where η µν is the Minkowski background and h µν the perturbation. The precise definition of the 2-form k ξ is given in Appendix D. We now compute the Noether charges associated with the three sets of residual symmetries L , K and P presented in (2.11). The explicit values of the charges evaluated on a sphere at arbitrary retarded time u and radius r are given by the following expressions
The coefficients C L (p, l), C K (p, l), C P (p, l) are given in Appendix D.1. These charges are not well defined as such and require further insight in order to extract their physical content. We will discuss these charges in detail in the following. We will first define the conserved multipole charges at spatial infinity. We then define the source multipole moments. We finally define the radiation multipole moments at null infinity as derived quantities.
Conserved multipole charges at spatial infinity
Let us first assume stationarity at past of null infinity, in the sense that
We expect that we can relate these asymptotic conditions to the behavior of the Bondi news and Bondi mass [53] . These conditions imply that at spatial infinity (i.e., in the limit r → ∞ at fixed t = r + u),
Under this asymptotic stationarity hypothesis, the finite stationary multipole charges (3.8)-(3.9)-(3.10) are recovered at spatial infinity. These are the conserved multipole charges.
Source multipole moments in the near-zone
As we can see explicitly, the surface charges (4.4) are finite in the r → 0 limit. This limit has a clear physical interpretation and gives the value of the surface charges in the near zone of the radiation zone. Indeed, one has in general that (see, e.g., Sec. IX.D of [9] )
where λ is the typical wavelength of the radiation generated by the sources. Accordingly, in the near zone where r λ, we have
and all charges are finite. Moreover, all multipole moments are then functions of time t since u = t at r = 0. In the post-Newtonian/post-Minkowskian matched asymptotic expansion scheme to solve Einstein's equations for a radiating non-linear system, there exist surface integrals defined in terms of the sources in the outer near-zone [38] . Here, we will obtain the corresponding matching surface charges in the near-zone of the radiation region, in the linear approximation. We will now explicitly describe which Noether charges give the source mass multipole moments I lm (t) and current multipole moments S lm (t).
Current multipole moments The current multipole moments are simply defined as the Noether charges associated with L (2.11) in the near zone. Their values are
The numerical proportionality coefficient depends upon the detailed definition of the canonical charge through the α prescription.
Momentum multipole moments The momentum multipole moments are defined as the Noether charges associated with P (2.11) in the near zone. Their values are
(4.10)
Contrary to the stationary case, they are non-zero for radiating configurations. They are derived quantities in terms of the mass multipoles I lm and are therefore not fundamental, at least in Einstein gravity. They will however play a role in the definition of mass multipoles as we describe next.
Mass multipole moments Finally, the mass multipole moments are defined as the following combination of Noether charges in the near zone,
After evaluation we find 
The boost charge along x is given by
where H is the Hamiltonian density and P x is the total momentum along x. The l = 1 mass multipole d 3 x x H therefore equates the boost charge minus t times the momentum charge. Our definition of mass multipole moments (4.11) is therefore totally natural in that respect.
Multipole charges at future null infinity
Let us now describe how to define the multipole moments from Noether charges at future null infinity. We again assume the asymptotic stationarity hypothesis (4.5) at both future and past of null infinity.
For an arbitrary retarded time u, the charges (4.4) are formally infinite. However, they can be regularized by the finite part prescription of Blanchet-Damour [5] . After taking the finite part, we obtain in linearized Einstein gravity,
In other words, all terms proportional to r are dropped and only the r 0 term is kept. This definition readily generalizes to an arbitrary theory of gravity. Let us now contrast these definitions with the standard radiative multipole moments. At linear order, one can switch to radiative (Bondi) coordinates (U, R, θ, φ) by a simple change of coordinates, U = u − 2GM c 3 log (r/r 0 ), R = r. The radiative mass and current multipole moments U A l (U ) and V A l (U ) are defined from the 1/R fall-off of the metric in radiative coordinates. It turns out that they match with the l-derivatives of the mass and current multipole moments, up to important non-linear corrections of O(G) that encode tails, non-linear memory and further non-linear terms (see the review [16] and the latest update [79] )
While the radiative multipole moments are proportional to the l-th derivative of the source multipole moments (4.17), we notice from Eq. (4.15) that the Noether charges instead allow one to directly extract the source multipole moments without any derivatives close to null infinity. This is mainly because the multipole symmetries are proportional to r l and therefore extract information about the subleading r −l part of the metric. The multipole charges at null infinity are therefore more elementary than the radiative multipole moments.
Conservation equation
The multipole moments in linearized Einstein gravity can be simply read off from the components of the metric in canonical harmonic gauge. Now, it is advantageous already in Einstein gravity to reformulate these multipole moments in terms of Noether charges for the following reason. Canonical Noether charges obey a conservation law which allows us to relate the multipole charges of the system sourcing the linear solution at different times to the flux of multipole charges at null infinity. Let us derive this multipole moment conservation law. The generalized Noether theorem for gauge or diffeomorphism invariant theories [40, 44, 45] implies that the surface charges obey the conservation equation 19) where Σ t is a constant time hypersurface, whose boundary are two 2-spheres S ∞ t and S 0 t . We choose S ∞ t to be the 2-sphere at spatial infinity and S 0 t to be close to r = 0, which is the near zone limit of the radiation zone. Let us choose two such hypersurfaces Σ + and Σ − , respectively, at constant times t + and t − , as shown in the left-hand-side of Figure 1 . Such constant time hypersurfaces are not boosted with respect to each other at spatial infinity and, in that sense, approach the same boundary sphere S ∞ . After fixing the ambiguity parameter α in the definition of the covariant charges, ω is the Lee-Wald symplectic structure [47, 49] for α = 0, while ω is the invariant symplectic structure [41, 80] for α = 1. By rearranging terms, one can write the above equation as 20) where
The source charge is the actual multipole charge of the source, as the near zone limit of the radiation zone matches with the far zone of the source zone; see, e.g., [16] . Under the hypothesis of asymptotic stationarity at initial retarded times, the multipole charges are time-independent at spatial infinity,
The flux term is simply interpreted as the radiated multipole charge to future null infinity. More precisely, one can smoothly deform the hypersurfaces Σ ± as shown in the right-handside of Figure 1 , where we define Σ + = U + ∪ I +− ∪ I −∞ and Σ − = U − ∪ I −∞ . Here U ± are null hypersurfaces at constant retarded time u ± and I +− is a surface at constant large r close to null infinity. We have the equality
The left-hand-side is the finite difference between the source multipole charge at time t + and at time t − . The individual terms on the right-hand-side are diverging but the difference is finite. It is useful to again define the finite part FP of a diverging expression in r as the r 0 term of the expression with u fixed. In fact, we have
The reason is that from the generalized Noether theorem, this expression is the difference of charge between r → ∞ and r = 0. From the explicit expression for the charges (in the case of the mass multipole, a subtraction of two Noether charges is necessary, as (4.11)), the only finite part is precisely the part at r = 0 which therefore cancels out. The remaining finite part of the right-hand side of (4.23) is the finite radiation flux in between u + and u − ,
The multipole charge conservation law can be finally written as
It follows from the generalized Noether theorem.
Summary and further directions
We reformulated Thorne's definition of mass and current multipoles in Einstein gravity in terms of Noether charges associated with multipole symmetries, which are residual transformations of the harmonic gauge. Since Noether charges are defined for any theory of gravity, it allows to define in principle all mass and current multipoles for such an arbitrary theory. As an example, it is possible to determine from this method the multipole structure of the recently constructed black hole with scalar hair [81] from the Noether charge formula of Einstein gravity coupled to a scalar field [82] (see also Appendix D).
We expressed the multipole moments of General Relativity as conserved Noether charges at spatial infinity. We also derived the conservation laws of multipole charges under the hypothesis of no incoming radiation. With suitable junction conditions between the past of future null infinity and the future of past null infinity (which would generalize [58, 83] ), one would relate the total change of source multipole moments between future and past timelike infinity to the corresponding fluxes at past and future null infinity. We expect that these conservation laws of canonical moments together with the conservation of canonical BMS supertranslation charges at spatial infinity [59] (see also [55, 57, 84] ) underly the conservation laws of the Bondi mass and angular momentum aspects obtained in [83] .
We mainly discussed in this paper mass and current multipole moments. In a generic diffeomorphism invariant theory of gravity coupled to matter, there will be generically six independent STF tensors appearing in the linearized metric after gauge fixing; see Eq. (2.19). 2 Therefore, we would need to define six independent sets of gravitational source multipole moments. In our approach, these would be built from six multipole Noether charges associated with multipole symmetries.
Starting from our ansatz (2.4), we identified four sets of multipole symmetries, which include the mass, current, and momentum multipole symmetries, but discarded the irreducible harmonic vector V , since it does not play a role in Einstein gravity. We expect that it might play a role in more general theories. Note that l = 0 and l = 1 harmonics of V are respectively the spatial scaling x i ∂ i and the vector ξ (j) = (x i x j − 1 3 x 2 δ ij )∂ i which is not a standard symmetry. It is also straightforward to relax the ansatz (2.4), and consider as candidate multipole charges the set of eight charges
where Q ξ denotes the Noether charge associated with ξ. These linear combinations ensure covariance under explicit time shifts, as for the mass multipole moments (4.11). It is not clear to us, however, whether the six independent multipole moments can be identified from this set of eight combinations of Noether charges. Let us now discuss the connection of our results with gravitational electric-magnetic duality. In gauge theories, not every multipole moment might be associated with a Noether charge. Indeed, in the case of electromagnetism, electric multipole moments are Noether charges, but magnetic multipole moments cannot be expressed as Noether charges associated with the original gauge symmetry of Maxwell theory. In the vacuum, it exists a dual formulation in terms of a dual gauge field A D defined as F = dA D . The emergent gauge symmetry of the dual formulation allows to define the magnetic multipoles of the original formulation in terms of Noether charges as a simple consequence of electric-magnetic duality. Contrary to electromagnetism, it turns out that in Einstein gravity all multipole charges are Noether charges, as we have now demonstrated. In many instances the structure of dualities in Maxwell and in Einstein theories is similar, but not here. The reason of this asymmetry is that in Einstein gravity, the gauge parameter is a spacetime vector which itself admits duality transformations. It has been shown that, in the formulation of spatial infinity foliated by de Sitter slices of unit normal n µ , rotations and boosts are dual to each other, and the second subleading component of the electric part of the Weyl tensor is dual to its magnetic part [86, 87] . This is the reason why the Lorentz charges can be expressed in two distinct but equivalent ways [51, 88] . In fact, it is a matter of simple algebra to show that such a duality persists between the mass multipole symmetries and the current multipole symmetries:
We therefore are led to conjecture that the Noether l-multipole charges can be expressed from the (l + 1)-subleading component of either the electric or the magnetic part of Weyl tensor, as its l = 1 Lorentz counterpart [87] .
To conclude, the mass and current multipole symmetries are associated with an infinite number of conserved Noether charges. These outer symmetries provide a new concept to comprehend the asymptotic structure of gravity, or, after a suitable generalisation, of general gauge theories.
A Notation and conventions
Throughout this paper, we use the conventions in Thorne's paper [9] . We adopt geometrized units, G = 1, c = 1, and Minkowski metric with mostly plus signature, η = diag(−1, +1, +1, +1), to raise and lower spacetime indices. Spacetime indices are denoted by Greek letters, while spatial indices are denoted by Latin letters. Multi-index tensors are abbreviated as
Round brackets stand for symmetrization T (ab) = 1 2 (T ab +T ba ), while squared brackets stand for anti-symmetrization T [ab] = 1 2 (T ab − T ba ). The unit radial vector in the x i direction is denoted as n i = x i /r, where r = |x| = x 2 + y 2 + z 2 . The transverse projection tensor P ij = δ ij − n i n j is used to construct the transverse (T) part of a tensor field
The transverse-traceless (TT) part of a rank-two tensor field is defined as
The symmetric-transverse-traceless (STT) part of a tensor field of rank-two [T ij ] ST T is the symmetric part of [T ij ] T T . Finally, we denote by capital script letters those tensor fields that are fully symmetric and trace-free (STF):
where
S is the fully symmetric tensor field constructed from T A l . As an explicit example of a tensor of rank-2, one has
B Spherical harmonics
In this Appendix, we recall the definitions and the main properties of spherical harmonics used throughout this paper and strictly necessary for our computation. We refer the reader to [9] for further properties.
B.1 Scalar spherical harmonics
The pure-orbital scalar spherical harmonics Y lm (θ, φ) are eigenfunctions of the squared orbital angular momentum operator L 2 , which is defined as the angular part of the Laplacian operator ∇ 2 in spherical coordinates (r, θ, φ):
The minus sign in the definition of L 2 is taken in order to have positive eigenvalues l(l + 1). Explicitly, the pure-orbital scalar spherical harmonics are given by
where P lm (x) are the associated Legendre polynomials Any smooth scalar function f (θ, φ) can be expanded either in pure-orbital scalar spherical harmonics with complex coefficients or in terms of tensor product of l unit radial vectors with STF-l tensor coefficients:
In the main text we sometimes switch between Y lm and Y lm for the ease of notation. For practical applications, it is convenient to expand functions in terms of the real spherical harmonics Y m l which we define in terms of standard complex spherical harmonics
Note that we have removed the normalization factor for the real harmonics. For example, the first few real harmonics will be
B.2 Vector spherical harmonics
The pure-spin vector spherical harmonics of magnetic (B−), electric (E−) and radial (R−) type are defined as [9] B Y lm = 1
Here, ∇ is the Euclidean gradient operator, L = −ir × ∇ is the orbital angular momentum operator, and n is the unit radial vector. The B-and E-type vector spherical harmonics are defined for l ≥ 1 and are identically zero for l = 0. All of them are orthonormal, i.e.,
The B-and E-type are transverse, while the R-type is radial:
A useful property of the pure-spin vector spherical harmonics is their divergence
The magnetic type pure-spin vector spherical harmonics are eigenvectors of L 2 , while the electric and radial type are not. Explicit computations give
The STF version of the pure-spin vector spherical harmonics are obtained by inserting the decomposition of the scalar spherical harmonics Y lm in terms of STF-l tensors Y lm
in the defining equations (B.9). The result is given by [9] B Y lm i
For completeness, we also write the STF version of the pure-orbital vector spherical harmonics that are eigenvectors of L 2 with eigenvalues l (l + 1) and l = (l − 1, l, l + 1):
Any spatial vector field v i can be expanded either in pure-spin vector harmonics or in pure-orbital vector harmonics:
from which one deduces, by using the STF decomposition of the pure-spin vector harmonics in Eqs. (B.14), the relations between the STF coefficients and the vector harmonic coefficients [9] 
B.3 Tensor spherical harmonics
The pure-spin tensor spherical harmonics are defined as [9] L0 T lm = n ⊗ nY lm , (B.18a)
The longitudinal (L0) and transverse (T0) spin-0 tensor harmonics are defined for l ≥ 0, the E1-and B1-type spin-1 tensor harmonics for l ≥ 1, and the transverse and traceless (E2 and B2) spin-2 tensor harmonics for l ≥ 2. All of them are orthonormal, in the sense that 19) where JKTlm = (−1) m JK T l −m is the complex conjugated. Pure-spin tensor harmonics obey the following directional properties
The trace of the pure-spin tensor harmonics read as
and their divergence is given by
The STF version of the pure-spin tensor spherical harmonics are derived in Eqs. (2.39) of [9] 
It is useful to notice that the pure-spin tensor spherical harmonics of type E2 and B2 are proportional to the TT part of the following pure-orbital tensor spherical harmonics [9] T 2 l−2,lm ij . These pure-orbital tensor harmonics can be rewritten as linear combination of pure-spin tensor harmonics as follows in Eqs. (B.9). Along the same lines, we use the definitions of the pure-orbital tensor harmonics (T 2 l−1,lm , T 2 l−2,lm ) in Eqs. (B.24) and their relations with the expressions of the pure-spin vector harmonics
After tedious but straightforward algebra, we get the harmonic decomposition in Eq. (4.2). Notice that the harmonic decomposition contains all the the degrees of freedom of a spin-two symmetric tensor field, namely the pure-longitudinal and the pure-transverse spin-zero modes ( L0 T lm , T 0 T lm ), the mixed transverse and longitudinal spin-one modes ( B1 T lm , E1 T lm ), and the physical transverse and traceless modes ( B2 T lm , E2 T lm ).
C.2 General residual transformation
We want to find the most general class of solutions to η ξ µ = 0 in terms of scalar and vector harmonics. We shall not use a Fourier transformation since linear modes in t are important solutions. Let us start with the most general vector field ξ decomposed in terms of scalar spherical harmonics Y lm and pure-spin vector spherical harmonics (
where the angular dependence is encoded in the spherical harmonics and the time and radial dependence is encoded in the coefficients of the linear combination. For definiteness, let us study the solutions to η ξ 0 = 0 in full detail. The harmonic gauge condition amounts to the following partial differential equation for the coefficients S lm (t, r) r 2 −∂ where we used the property that L 2 Y lm = l(l + 1)Y lm . Since ∂ t is a Killing vector, we can assume the separation of variables S lm (t, r) = f lm (t)g lm (r). Then Eq. (C.5) may be written as (we drop the labels l and m for ease of notation) f (t) r 2 ∂ 2 r g(r) + 2r∂ r g(r) − l(l + 1) − ω 2 r 2 g(r) − r 2 g(r) ∂ 2 t f (t) + ω 2 f (t) = 0, (C. 6) and it splits into two ordinary differential equations for f (t) and g(r): Outer symmetries are defined from the zero mode class alone. Moreover, the solution ∼ r −l−1 is a gauge mode which is discarded. We therefore focus our attention to the class of solutions given by the linear combination of the regular solid scalar harmonics r l Y lm ξ 0 = (c 1 t + c 2 )r l Y lm .
(C.10)
The coefficients B lm in (C.4) obey the same constraint as in Eq. (C.5), because the vector harmonic B Y lm is an eigenvector of the operator L 2 . Hence, the coefficients B lm are again given by the above form for S lm and the solutions of interest read as 
Here, the background metric is used to lower and to raise indices, e.g., h µν =ḡ µαḡνβ h αβ and h =ḡ µν h µν . The symbol∇ µ stands for the background covariant derivative. The parameter α reflects the ambiguity at adding a boundary form E ∼ d 2 x µν (δg) µα ∧ (δg) ν α to the Lee-Wald symplectic form of Einstein gravity [47] . For α = 0, one has the Iyer-Wald charge [39] and the Lee-Wald symplectic structure [47, 49] . For α = 1, one has the Abbott-Deser [76] or, equivalently, the Barnich-Brandt charge [40] and the invariant symplectic structure [41, 80] .
We take the background metric to be the Minkowski metricḡ µν = η µν and we adopt Cartesian coordinates (t, x, y, z) = (t, x i ). Background covariant derivatives reduce to partial derivatives∇ µ = ∂ µ . Simple algebra reduces Eq. (D.2) to the expression 2k
where ξ i = ξ i , but ξ 0 = −ξ 0 . The dot stands for time derivative, i.e.,ḣ µν = ∂ 0 h µν . For higher curvature theories or for a large class of matter theories, see e.g. [39, 42, 43] for the explicit expression of k ξ .
D.1 Coefficients of the surface charges
The coefficients appearing in ( From (D.6), we clearly see that the associated charge is vanishing at spatial infinity. Moreover, the surface integral in the near zone which could in principle correspond to a multipole moment is also vanishing. Accordingly we have ignored this vector in this paper, although it might be important in more general theories of gravity, as discussed in Section 5.
D.2 Multipole charges of a harmonic gauge perturbation
The multipole charges discussed in this paper are computed in canonical harmonic gauge. As explained in section 2.3, the term "canonical" refers to the extra conditions that are met by the metric configurations in addition to respecting the harmonic or de Donder gauge. Assuming asymptotically flat boundary conditions, the canonical conditions amount to reaching mass-centered frame and reaching (2.24). The purpose of this section is to investigate whether one can relax the last condition (2.24).
To this end, we compute the variation of multipole charges Q ξ under a variation in
